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Power functions (e.g., f (t) = at P) describe the relationships among many variables
obsered in nature. One example of this is the power law of forgetting: The decline in
memory performance with time or intervening everts is well t by a power function. This
simple functional relationship accourts for a great deal of accumulated data. In this note,
we consider a simple yet general memory model in which all items decay monotonically in
strength, but at dierent rates. To translate between contin uous changesin strength and
actual memory for events we assumea simple strength threshold for remembering. We
prove a limit theorem for this model: astime grows large and memories decay, the empiri-
cal forgetting function approachesa power function under very general conditions. Power
forgetting emergesfor almost any monotonically decreasingstrength function (including
linear and exponertial cases). We also illustrate by way of simulations that the power
function provides an excellert t to the ertire time-course of the forgetting function, not
just its limiting behavior.
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1. INTRODUCTION

Ever since Ebbinghaus (1885/1913) inaugurated the scierti ¢ study of memory,
researders have examinedthe manner in which memory performancedeclineswith
time or intervening everts (i.e., the forgetting function). Although it haslong been
known that forgetting occurs rapidly at rst and more slowly astime goeson, it
was not until quite recertly that the mathematical form of the forgetting function
has been precisely established. Wixted and colleagues(Wixted, 1990; Wixted &
Ebbesen,1991,1997) have demonstratedthat the form of forgetting, acrossvarious
materials and memory tests, is characterized mathematically by a power function.
Rubin & Wenzel (1996) compared over a hundred forgetting functions and found
that the power function was one of only four that provided a good t to a wide
range of forgetting data. That is, accuracyin a memory task at time t is given by
y = at °, wherea and b are positive real numbers. This invariance in the form of
forgetting suggestsa basic law of human memory.



If the nature of the functions that characterizelearning and forgetting canteach
us about their underlying processeswe ought to take any evidenceeither for or
against a particular function very seriously For instance, if a model assumesthat
memory trace strength decreasedn an exponertial fashion, a seemingly obvious
implication is that sudh a model should be rejected. How could exponertially
decreasingtrace strength be reconciledwith power-law forgetting?

Exponertial strength deca is a natural assumption for memory models. If you
consider a model like TODAM (Murdo ck, 1982,1997), forgetting arisesdue to a
forgetting parameter, , and also becausethe variance of the memory increases
with list length (but seeMurdock & Kahana, 1993,b). In TODAM, the storage
equation for item information (Murdo ck & Lamon, 1988)is given by:

m(t)= m(t 1)+ pf(t)

Becausethe memory is premultiplied by asead new item is learned, recognition
performance (as measuredby d% should decreaseas a function of to the power
of lag (or time).

Exponertial decay of trace strength or cue-target strength is commonin other
models as well. Mensink & Raaijmakers (1988) have a forgetting processhased
on contextual drift that is nearly exponertial. The sameis true of other models
of contextual drift (Murdock, 1997; Howard & Kahana, 2002). Bower's (1967)
multicomp onert model also assumesexponertial strength-decay of the individual
componerts.

Although exponertial deca in trace strength is a commonassumption of mem-
ory models, the data strongly suggestthat forgetting obeys a power law. Such
power laws are not unique to forgetting. Learning is alsowell described by a power
law. The reduction in reaction times that comeswith practice is a power function
of the number of training trials (seeAnderson, 1995, for a review). Indeed, power
laws describe a great many natural phenomenaranging from sensoryscalingto the
distribution of city sizes. What can we learn from the power-law of forgetting?
Does a power-law of forgetting imply that models basedon exponertial strength
decay medchanismsmust be rejected?

1.1. Interpretiv e Problems

Using a computational analysis, Anderson and Tweney 1997 shaoved that arith-
metic averaging of exponertial functions can give rise to power functions. They also
reported that they were unableto nd a generalanalytic solution to the problem
of aggregatedexponertials. Indeed, this problem may not have a solution without
adding somesimplifying assumptions. Anderson & Tweney (1997) concludedthat
the power law of forgetting may be an artifact of arithmetic averaging (see also
Anderson & Tweney, 1998)

Responding to the Anderson & Tweney (1997) critique of power functions,
Wixted & Ebbesen(1997) shoved that evenwith geometric averaging of individual
subjects' data, a power function still ts the data better than an exponertial func-
tion. Of course,it is possiblethat the problem is not at the level of subjects, but
rather at the level of items, or even subject-item interactions. Wixted & Ebbesen
(1997) acknowledge the possibility that exponertial forgetting with variability in
forgetting rates acrossitems could give rise to aggregatepower functions of forget-
ting.



Wickens(1998) pursuedthis point, shaving that very di erent theoriesof forget-
ting can giverise to very similar-looking retention functions. In particular, starting
with the assumption that individual items are forgotten exponertially, Wickens
(1998) showved that models basedon (1) heterogeneiy of forgetting rates, (2) con-
solidation of tracesover time, and (3) competition amongtracesfor survival, under
certain distributional assumptions,can give rise to a Pareto |1 distribution of item
survival. For large t, this description of forgetting simpli es to the power law that
has beenshawn to well describe the empirical data.

Although power-functions provide a good t to forgetting data for rangesof the
forgetting function, there is no sensein which a complete forgetting function, with
performancemeasuredfromt = Oto t = 1 , could bewell t by a power function.
This is becausea power function implies that the measureof performance tends
to innit y ast tends to zero. With percen correct as the dependert measure,
performanceat t = O will tend to 1:0, thus \rejecting” a power function.

In the work preseried here, we concerrate on the asympototic properties of
forgetting | the behavior of the forgetting function ast! 1 . In particular we
obtain analytic results that shav that as ! 1 , performanceis a power function
of t for a simple but general classof forgetting models. Simulations support these
analytic results, and shaw that the emergenceof power forgetting appears quickly
for many di erent parameter valuesof the underlying models.

1.2. Power forgetting in a strength-deca y to threshold memory model

Memory researters are interested in knowing the form of changesin memory
strength over time | not changesin memory performance over time. But, we
can't measurememory strength directly; rather, we measureperformance. In most
memory tasks, performanceis basedon a summary statistic over discrete events
(succesor failure in recognizingor recalling an item at a given delay betweenstudy
and test).

Considerthe following very simple, yet general, memory model. Items storedin
memory have a strength value, S. In the absenceof reinforcemert but the presence
of intervening activity, the strength of ead item decays monotonically according
to somestrength decay function.

Assuming that the strength decays exponertially: Sij(t) = Sj(t 1) and 0<

< 1, therefore,
Si(t) = Si(to) (1)

This type of di erence equation is characteristic of a number of memory models
(e.g., Murdock, 1982,1997; Mensink & Raaijmakers, 1988). But the form of the
forgetting function turns out not to be crucial. The important consideration is
that when an item's strength falls below a xed threshold, k, the item is forgotten.
Solong as the strength is greater than k, the item is remenbered. We also must
assumethat strength decays at di erent rates for di erent items (cf. Anderson &
Tweney, 1997; Wickens, 1998). The basic features of the model are illustrated for
an exponertial strength decay function in Figure 1.

Here we show that under these conditions, the averageforgetting function ap-
proachesa power function ast grows large. Before proving a limit theorem under
fairly generalconditions, we preseri proofs for two special cases:linear trace decay
and exponertial trace deca. Simulation results for the caseof exponertial strength
decay shaw that power forgetting emergesquite rapidly and is not just a property
of the tail of the forgetting function (i.e., when accuracy approaces zero at very



FIG. 1 A simple model of recall. Three curvesillustrate the reduction in mem-
ory strength for three dierent items (A, B, and C). ltems are assumedto deca/
at dierent rates and with dierent initial strengths. The gray bar indicates the
strength threshold for correct recall or recognition. Items are forgotten when their
strength falls below the threshold. Three arrows indicate the points in time when
items A, B, and C are forgotten. Before t; all three items are remenbered, two
items are remenbered until t,, oneitem is remenbered until t3, and after t3 none
of the three items are rementbered.



larget). In the special caseswe assume for convenience,that strength decay rates
are normally distributed subject to the constraint that all items do exhibit at least
somedeca (we usetruncated Gaussians).In the generalderivation, we shaw that
this assumptionis not at all crucial to the proof of the limit theorem.

1.3. Special Case 1: Linear Strength Decay

Considera linear strength-decay function with independen variable coe cien ts:
Si(t) =a Dbtwitha N(a a,b N(p p,and 2>0, > 0. Next,
de ne a counter of retrievable memories,r;(t), suc that:

_ Lsit)>k
MO= o051

This is a key feature of the model. Items are retrieved if strength is greater
than k; otherwise,gngy are forgotten.

Obsene that: 1N7r(t) I E(ri(t));asN ! 1 by the Law of Large Num-
bers, becausethe r;(t) are identically distributed, independert random variables.
The expectation of ri(t), E (ri(t)) is our forgetting function, averagedacrossmany
discrete items. Computing this expectation will give us the form of the forgetting
function under the conditions outlined above. To compute E r;(t) we proceedas
follows:

Eri®) = 1 P(@ri(®)=1+0 P(ri(t)=0)
= P(i()=1)
a; k
= P = >t
by
Z1Z1 exp s K2 exp o D)k
= . L dxdy;
y 0 x=ty Ca b

wherewe let x = a; k and y = by; and have constructed Gaussiansabout these
points. Note that we are using a truncated Gaussianabout by; if b  0; as seen
by the lower limit of the outer integral (y 0); and ¢ = F(—bb)F( —:); with F
de ned below.

Nowweset = *{t2 X and = Y to simplify our computations. To make
a change of variables, hcaJwever, we must modify the limits of integration. We see

that ty = = k— + ti wherey = p+ 4. In which casewe can write:
zZ, Z, exp (*+?
E(ra(t) = dd
e G ard e c
z 1
1 b b k a 2
= -F —+ —)t+ exp —— d
Tb c ( a a) a P 2
z 1 2 p_
where F(2) exp — d = 2 (1 cd:f:gaussiarfz))

z

Thus, F(1 ) = 1, and F(2) exp 722 for large z > 0, which is easily
integrable. Now setting %= ( -2+ —:)t+ k—a we nd that:
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1 ‘1 R

— - @ a b b A 0
E (ra(t)) e N F( 9exp 5 d
2
Z
exp 2—b2- 1 1 0

= b - 0 = I

e - CF( 9d ast! 1;

exp o4 Z1
where 0= T’J - F( 9d @

1.4. Special Case 2: Exp onential Trace Decay

Following the same construction as in the linear case,we de ne a counter of
retrievable memories:

1 ge bt>k
0; otherwise

ri(t) =

Further, let x = a andy = k. Then the probability of retrieving a memory is
given by:

Z 1 Zl e (x a)Ze y b)2

E(ri(t) = P(ri(t) = 1) = P(a > ke') = dxdy
0 x=keyt Caobp
where,c= F( -2)F( -2). Setting = *—=and = y—bb then gives
Z 1 Z 1 ( 2+ 2)
> =(cief3+cy) ¢
where = X' = andy =+ ,; and wherec;, = K= —=;andc =

b+ b We then obtain
“F(a€® + e d;
b

where F () is asde ned previously. Settingtcs = t( p+ ) = °gives
z 1

‘ o

1 o (; —g)z
il EF(Cle + e 2 d?®

ty o

=

Thus,ast! 1 ;

2
b
2221 0

e c
EF(cle ¥ c)d 01 T

E(ri(t) =

ty

7r Ly .
F(ce + cp)d @

b 0



1.5. Discussion of the special cases:

In the two special casespreseried above, we saw that ast! 1 a threshold
model in which item strength decays either linearly or exponertially (with time)
yields a hyperbolic relationship betweenrecall probability and time. Although this
is a special caseof the power law of forgetting, the exponerts for the limiting case
oft! 1 areexactly 1, whereasin actual experimerts, the exponert that ts the
full range of participants' performanceis often signi cantly lessthan one.

To seethat the model does actually produce exponerts that are less than
one consider the following analysis. Recall that the forgetting function, given by
E (ri(t)), can be rewritten as follows:

o Z1 @ 0
E(M) =7 F(Jexp o—+ep d°

C2 t

In the equaF_l,on above, c1, ¢, ¢z and ¢4 are all constarts. If we usethe analytic

series,e* = _, x"=nl, for x 2 C, then we can rewrite the above expressionas:
|
Z 1 :
C .
Emm) = & Ry 1e 20D go
t u 2 i=1 t
o 41 A ’
= = F(9d°% =
t . gt

Next, setting c®= c;Aq, and b = A;=Ao, we have:

0
E(ri(t)):% 1+ %+%+

If we de ne
In 1+ 8+ %+

©= |n(t)t

then we have
C
E(ri(t)) = T

Because (t) < 1and (t)! Oast! 1, we canseehow the exponent of the
power function varies with t in a systematic manner. For smaller values of t, the
exponert will be lessthan one, but it will approac 1 ast grows large.

The analysis preseried above shows that the simple deca-to-threshold model
givesrise to power forgetting even when the strength deca/ functions are linear
or exponertial. In the next section we considerthe certralit y of our assumptions
in producing the \p ower-law" behavior at larget. In particular, we generalizeour
analytic results to a very a broad class of strength decay functions and to non-
parametric variability in the decay parameters.

1.6. General Deriv ation

Considera strength-decay function of ageneralform: S;(t) = H(a(l'),a(z'),:':; (i);t),
and assumethe following conditions:



1. H = H(as; azex(t); azes(t); :::; an €y (1)) with

Y
E(t):= e()=t" with eg(t)! 1 ast! 1
i=2

Remark 1: This form of the strength decay function is very general. Consider
the caseof the exponertial decay commonto many memory models, S; (t) =
ae Pt In this case,a; = a;a, = b;and ey(t) = t. Similarly, the form of H
also accommalates linear strength decay.

2. H is globally monotonic increasingin its rst argumert a(li) for all values of
the other argumerts, monotonic decreasingin t, and smooth (I continuous
derivatives) in all argumerts.

3. aj(i) hasdistribution function f; (aj(‘)) with f; independert of i; just depending
onj; sud that fj(x) = 0 for x < 0;

4. all random variables are independert.

Remark 2. Condition 2impliesthat H  k () a{? g@) e (t);::;a% e (t); k),
andH k () (@7;a);::;a07:k)  t for somesmooth function (I 1 contin-
uous derivatives) in all argumerts by the global monotonicity and implicit dier-
ertiation.

SetF;(x) = Xl fi(y)dy! Oasx! 1 :Dene acouner of retrievable memo-
ries, ri(t), suc that:

_ L S({)>k
"= osm o«

Again, this is a key feature of the model. Items are retrieved if strength is greater
than k; otherwise, they are forgotten. As before, obsene that (1=N) iNzl ri(t)!
E (ri(t));asN ! 1 ,bythe Law of Large Numbers,becausehe r;(t) areidentically
distributed, independert random variables.

The expectation of r; (t) is our forgetting function, averagedacrossmany discrete
items. Computing this expectation will give us the form of the forgetting function
under the general conditions outlined above. To compute E (r;(t)) we proceedas
follows:

E(ri(t) = 1 P(ri(t)=1)+0 P(ri(t)=0)
= P(ri(t) = 1)
= P(Si(t) k)
= P( (ag;ag;:ank) ) ()
= 1 F(t)

where we have set all a} = a; and where F is a c.d.f. of the random variable
(a1;az;:::;an): Note that we have usedin the above that

Si(t) k() (an;axusank)

for somefunction by Remark 2.
Analytic solutions for the special casef linear and exponertial forgetting func-
tions (shown earlier) suggestedhat power forgetting emergesasa generalproperty



of this model. Here we approac the general solution by asking the prospective
question: When does
F@'1 t—r; r>0;
for t large? In other words, what are the conditions that would result in power-law
forgetting?
This requiresthat the density distribution function

0 COI'
f (t)=F (1) e
This is really a condition on the function (aj;az;::;;an;K):
Further analysis proceedsas follows: Using (*) and Remark 2 we compute in
generalthat:

z,2, Z b
1 F ()= o f1(z1)dzg fi(z)dz:
0 0 z1 g(z2€2(t):5z nen (t)ik) 2
Z, 72, Z, yn
= o F1(9(zz€2(t); 5 znen (1)) fi(zi)dz:
0 o 0 9

Setting z & (t) = zP gives

Z,2, Z, y 0
Z a(®)
Fi o(29;:52 f L dZ0:dZl = ;
1 g( 2 ﬁ " | e|(t) 2 n E(t)

1
1 F ()= —=— :::
®) E() o o 0
Usingg(t)! 1 ast! 1 (soast! 1;f, % I f,(0")), and using Les-
besgue'sdominated convergencetheorem and Assumption 3 below, we seethat as
t! 1:;1 F (t) approaces:

Q, zZ, Z,
fi(0") q(1)
21 0..... 04-0...450 .— — r
—En R Fi 9(22; 52" dz2dz8:::dZ0 : O q(1 )t

by our hypothesis, with,
N Z, Z,
q1):=  fi(0") i Fi(9(z; 5 20)) dz9:::dz2:
2 0 0
In order to obtain the limit above, we assumedthat
Z, Z,
Fi 9(29;::52°) dz2::d2% < 1 (2)
0 0
and the mild assumptionthat there existsan M such that jfi(x)j] M for all i and
X (sothat we can usedominated corvergence).
The rate of convergenceof q(t) ! q(1 ) is cortrolled by the decay rate of
F1 9(z% asz! 1 :Forverysmallt, it islikely that the strengths of the individual
items areall > k. This would meanthat nothing hasbeenforgotten yet. Ast grows,

and strengths begin to drop below the threshold, k, power forgetting may appear
quite quickly.
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FIG. 2 Simulation example #1: Forgetting function for an exponertial strength
decay model. Left panel plots data in linear coordinates; Right panel plots data
in log-log coordinates. The following parameter values were used: k = 0:001,
a N(2:510), b N(:003:004). For this simulation, a and b are truncated
normals, with 500 items being forgotten at di erent rates. Exponertial and power
functions were t to data in the rangeof t = 1000to 5000. The best tting power
function is givenby P(recall)= 77t %% with r2 = 0:999. The best tting exponertial
function is given by P(recall)= 1:03e ‘9003t with r2 = 0:95.
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FIG. 3 Simulation example #2: Forgetting function for an exponertial strength
decay model. Left panel plots data in linear coordinates; Right panel plots data
in log-log coordinates. The following parameter values were used: k = 0:2,
a N(3:505), b f(:06) wheref denotesan exponertial distribution. For this
simulation, 12,000items are forgotten at di erent rates. Exponertial and power
functions were t to data in the range of t = 80 to 1000. The best tting power
function is given by P(recall)= 21t 87 with r2 = 0:999. The best tting exponen-
tial function is given by P(recall)= 0:44e 93 with r? = 0:92. Identical ts were
obtained with the following parameter values: k = 1, b f (:025).

10



10 1
. 407
0.9 f
405
08 1] 04
> N B
z ) 03 >
5 o7f 5
3 q02 3
< 06 <
1) o
o o
Z osf « « Exponential Strength Decay Model 0.1 x
4 ol \ — — Bestfitting exponential function 1007 S
g Best fitting power function -0.05 8
L oap 0.04
2 003 *
\ 0.02
o1} \
0.0 L L e ST L L L L L \w 0.01
200 400 600 800 1000 30 40 70 100 200 300 400 700 1000

TIME OR NUMBER OF INTERVENING EVENTS
(ARBITRARY UNITS)

FIG. 4 Simulation example #3: Forgetting function for an exponertial strength
decay model. Left panel plots data in linear coordinates; Right panel plots data
in log-log coordinates. The following parameter values were used: k = 0:02,
a N(1:0;0:2), b f(0:06) where f denotesan exponertial distribution. For
this simulation, 10,000 items are forgotten at dierent rates. Exponertial and
power functions were t to data in the range of t = 35to 1000. The best tting
power function is given by P(recall)= 14:4t ° with r? = 0:995. The best tting
exponertial function is given by P(recall)= 0:47e ‘9%t with r2 = 0:93. Consistert
with the theoretical analysis, the power function that best t data in the range of
t = 150to 1000was given by P(recall)= 29:3t %% with r2 = 1:000
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1.7. Simulations

To examinehow rapidly power forgetting emergesn our model we simulated the
special caseof exponertial trace decay. In particular, r(t) = E(aje ! > k); where
a and b are random variables. In Simulation 1, a and b were truncated Gaussians
(s > 0and iy > 0). This follows the proof of the special cases. In Simulations
2 and 3, a and b were drawn from an exponertial distribution. This avoids the
problem of having to truncate negative values. In addition to the parametersthat
determine the distributions of a and b, the model has one additional parameter:
the forgetting threshold, k.

Figures 2-4 show three simulation runs with di erent parameter values. For
ead simulation we have plotted the models' predictions in both linear and log-log
coordinates (a power function appears as a straight line in a log-log plot). The
parameter valuesand r?s are given in the gure legends.

These simulations show that a simple decay-to-threshold model with exponen-
tially decaying memoriescan produce aggregatepower functions. Theseresults are
typical of many simulations run with other parameter values. Although the power
function provides an excellert t once performancedrops signi cantly below ceil-
ing, the power function doesnot provide an adequate t to the early portion of our
model's forgetting functions®. Like experimental subjects, our model dictates that
performancein the rst few momerts after learning remains at ceiling. Because
at 1 1 ast! 0 the power function is unable to t this aspect of either the
human data or the model results. It is only onceforgetting is well underway that
the power form emerges.This is consistert with our analytic results shaving that
power forgetting emergesast grows large.

The simulations described above all assumedexponertial strength deca of in-
dividual memories. Under these assumptions,the exponert of the power function
that best ts the data should approach 1 ast! 1 . Figure 5 replots the simula-
tion results shavn in Figure 4 and shows separate power-function ts to dierent
rangesof the forgetting function. Consistert with the analytic results, the best t-
ting exponerts decreasemonotonically to -1 aswe t later regionsof the forgetting
curve.

Although our model assumesa constart threshold, it is mathematically indis-
tinguishable from a model that assumesdierent thresholds for dierent items.
To eliminate a free parameter, we allowed the variability in the y-intercept of the
strength decay function forgetting function to subsumevariability in the threshold
(acrossitems, but not time).

1.8. Conclusions

We have showvn a striking example of how tricky it is to infer psydological
processfrom the form of the retention function. Moreover, our analytic results
suggestthat there is something special about the power function as a description
of the forgetting process. It may be that power functions arise from aggregate
forgetting data under fairly generalconditions. If this is true, then the challenge
for memory theory is to explain violations of the power law of retention. One
limitation of our analysisis that it doesnot readily handle RT data (this is because

1Consider the simulation shown in Figure 3. For these parameters, performance is at or near
ceiling for small t. Although a power function accounts for nearly 100% of the variance when t
to the data from t = 1000 to t = 5000, the same power function doesnot provide a good t when
the data from t = O to t = 1000 are included.
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we assumea threshold that translates memory strength into binary responses). For
learning data, the decreasein RT with practice obeysa power law (see Anderson,
1995for a review). Regarding forgetting data, the increasein correct recognition
RT with study-test lag is often linear (see Murdock, 1974, for a review) and the
increasein inter-responsetimes with output position is typically exponertial (e.g.,
Murdock & Okada, 1970;Rohrer & Wixted, 1994;Wixted & Ebbesen,1997). These
ndings are not addressedby our analysis.

In this note, we have shovn how a simple model that assumesmonotonic
strength decay at the level of individual items coupled with a discrete retrieval
threshold predicts aggregatepower forgetting functions. This exploration illustrates
someof the dangersinherert in inferring mental organization from the mathemati-
cal form of the behavioral data. The important question for theories of memory to
addressis how forgetting is a ected by experimental manipulations and not what
mathematical form the forgetting processassumes.
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